The main purpose of this paper is to prove that a finitely generated lattice is protective iff it is imbeddable in a free lattice. This result appears as a consequence of a more general theorem, in which a sufficient condition for projectivity is given in terms of the notion (due to Ralph McKenzie) of bounded homomorphism.
In [1, Theorems 4.1, 4.4] Baker and Hales completely describe the distributive protective lattices and obtain as a corollary the fact that a finite distributive lattice is projective iff it is imbeddable in a free lattice. This last result has been improved by McKenzie, who finds in [6, proof of Theorem 6.3] that for any finite lattice L, L is projective iff it is imbeddable in a free lattice. McKenzie's proof uses some ideas due to B. Jόnsson. To extend the theorem to finitely generated lattices we sharpen arguments of [6] . As stated above, we use the notion of bounded homomorphism; this idea is defined by McKenzie in [6] , and it plays an important role in that paper. Theorem 3.4 below was first announced in the author's abstract [4] . 1* Preliminaries* We regard a lattice as an algebraic structure <X, +, •) > in which the sum (join) and product (meet) satisfy the usual equational axioms. It will not cause confusion to refer to a lattice by naming its universe. We denote by ^ the ordering of the lattice L, that is, the partial ordering naturally associated with L (x < y means x ^ y and x Φ y). If the greatest lower bound (least upper bound) of a subset U of L exists in L, it is denoted A U (A U).
The notation and terminology used for maps is largely standard. By an epimorphism of a lattice L into a lattice M we mean a homomorphism of L onto M. For any sets L> M, N, and any maps f:L->M and g: M-> N, the composite map (of L into N) is denoted g°f. (In the arrow notation, maps-whether homomorphisms or notwhich are onto may be indicated by the use of a double-headed arrow, A chain is a lattice whose ordering is a linear ordering. A chain is bounded iff it has a least element and a greatest element. Any ordinal a may be viewed as the chain whose ordering is the natural ordering of a. The set of all natural numbers is denoted ω.
We regard Boolean algebras as lattices (thus, zero, one, and complementation are not primitive operations).
ill
The terms of the language of lattice theory are built up from individual variables v 0 , v l9 and the binary operation symbols V and Λ (interpreted in lattices as + and , respectively). The notion of length of a term is assumed familiar. Let τ be a term of lattice theory with variables among v 0 , •••, v»; let L be a lattice and x 0 , ' *,x n eL.
Then by τ[L, x 0 , -',x n ] we mean the denotation of τ in L under the assignment v { -* x { (i ^ n). If τ is a term of lattice theory, L and M are lattices, x 0 , , x n e L, and / is a homomorphism of L into ikf, then /(τ[L, a? 0 ,
, »»]) = r[j|f, /^o, , /a?*]. The free lattices are especially important for our present work. For any nonempty set X, we let FL{X) denote some fixed lattice freely generated by X. Recall that if JSΓ 0 , X 1 are disjoint nonempty subsets of X, and if x i is in the sublattice of FL(X) generated by
Whitman's famous solution to the word problem for lattices, in [7] , provides a characterization of the free lattice as follows. Suppose L is a lattice generated by X Φ 0. Then L is freely generated by X (that is, L = FL(X)) iff all of the following hold in L: (WO) for all x, x' e X, if x ^ x f then a? -x f ; (Wl) for all a e X and all a,beL, if α δ ^ a; then a <£ a? or 6 <Ξ #, and if a; ^ α + δ then x <; α or a; <£ 6; (W2) for all α, δ, c, d 6 L, if α δ ^ c + d then α^c + d or 6^c + ώ or a' b <£ c or α 6 <£ ώ. The latter two properties (which we refer to as Whitman's (Wl) and (W2)) are frequently used below. Note that (W2) makes no reference to a generating set; for any lattice L, there is no ambiguity in saying that Whitman's (W2) holds (or does not hold) in L.
We also use the following theorem, derived by Jόnsson from a result of Whitman [7] : THEOREM 1.1. (Jόnsson [3, Lemma 2.6, p. 262 
It is well-known that there are simpler descriptions of projectivity than 2.1; in particular, we have:
For any lattice L the following three conditions are equivalent:
(1) L is protective; (2) We shall use formulation (3) in this paper; (2) is used in [1] . Note that every projective lattice is isomorphic to a sublattice of a free lattice (the map g of (3) clearly must be one-to-one). Also, every free lattice is obviously projective. Baker and Hales [1, Theorem 3.1, p. 473] prove that a countable lattice is projective iff each of its linear components is projective.
In [2, Theorem 6, p, 271] Galvin and Jόnsson show that a distributive lattice L is imbeddable in a free lattice iff L is countable and each linear component of L is one of the following: a one-element lattice, an eight-element Boolean algebra, or an isomorphic image of the direct product of a countable chain and a two-element chain. Using this result, Baker and Hales [1, Theorem 4.1, p. 474 ] characterize the distributive projective lattices as follows: a distributive lattice L is projective iff L is countable and each linear component of L is one of the following: a one-element lattice, an eight-element Boolean algebra, or an isomorphic image of the direct product of a countable bounded chain and a two-element chain.
As to non-projective lattices, the above remarks readily yield many examples. Thus, all the non-distributive modular lattices are non-pro jective that the five-element lattice with three mutually incomparable elements is imbeddable in every non-distributive modular lattice; apply Jόnsson's Theorem 1.1). And, as observed in [1] , the above-mentioned results on distributive lattices show that the direct product 2 x ω is a distributive non-projective lattice imbeddable in FL(ω) (and hence imbeddable in FL (3), by Whitman [8, Theorem 6, p. 109] ). DEFINITION 2.3 (McKenzie [6, Definition 5.2] ) Suppose L, M are lattices and / is a homomorphism of L into M. We say / is upper bounded iff for each be M, {aeLifa^b} either is empty or has a greatest element; / is lower bounded iff for each b e M, {a e L: b <^ fa} either is empty or has a least element. We say / is bounded iff it is both upper and lower bounded.
N. B. These notions are defined with respect to the entire codomain M of /, not merely with respect to the range of /. The intended codomain will be specified below in the rare cases where there is ambiguity. An element of .ζ& need not be imbeddable in a free lattice. Thus, according to [6, Proof. We prove (1) ((2) is similar). Suppose {xeXifx^b} is infinite. Let z be any element of {a e FL(X):fa ^ b}; let X r be a finite subset of X such that z is in the sublattice of FL(X) generated by X'; and choose x 0 e {x e X:fx ^ b) ~ X'. Then f(z + x 0 ) ^ δ, and z < z 4-x Q in FL(X) (see § 1). Thus / is not upper bounded. LEMMA 
Suppose L is a lattice generated (not necessarily freely) by a set X, and suppose f is a homomorphism of L into a free lattice FL(Y). Then the following hold:
(
1) if for each be FL(Y), {xe X:fx ^ 6} is finite, then f is upper bounded; (2 ) if for each b e FL{ Y), {x e X: b ^ fx} is finite, then f is lower bounded.
Proof. We prove (1); a dual argument works for (2) . Assume the hypothesis of (1). Let T be the set of all elements b of FL(Y) such that {aeLifa ^ b} either is empty or has a greatest element. As in [6, Lemma 5.2] , we show inductively that T = FL(Y); we use the fact that Whitman's (Wl) and (W2) hold in free lattices (see § 1).
First we show that FgΞ T. Suppose y e Y and {ae L:fa ^ y) Φ 0. Since L is generated by X, repeated application of Whitman's (Wl) to a relation fa ^ y (a e L) yields an x e X such that fx <^ y. This, together with the hypothesis of (1) 
, x w ]) ^ 6^. Therefore, we seε that at least one of the three elements α 0 , a ly V {x G X: fx ^ 6 0 + δj is defined in L; let α 2 be the sum of those that are defined.
Clearly /α 2 rg δ 0 + b±. Now we claim that for all a e L, if /α 6 0 + b L then a ^a 2 . Let S be the set of ae L for which this is true. Obviously X g S; and if a, a' e S then α + α'eS. If α,α'eS and ./α /α' ^ δ 0 + δ L , then by Whitman's (W2) in FL(Y), we have at least one of the following: fa ^ δ 0 + δ x , /α' ^ δ 0 + δ 1? fa-fa' ^ 6 15 fa-fa' δ L ; in the first case α ^ α 2 by assumption aeS, so α α'^α 2 ; in the last case a v must be defined and a-a' ^ a ι ^ α 2 ; the other cases are similar, so a-a f e S. Therefore S ~ L, as claimed. It follows that δ 0 + b ι G Γ Thus, T = FL(Γ), that is, / is upper bounded. COROLLARY 
Suppose f is a homomorphism of a free lattice FL(X) into a free lattice FL(Y).
Then Now let the endomorphism h: FL(X) -> FL{X) be the extension of the map α ? -> α/α;, α; e X. We claim that for each a e FL(X), βfa ĥ a ^ α/α (so that fha = fa). The property is obvious for xe X. Proceeding inductively, suppose βfa { ^ /^ ^ α/α^ for i e {0, 1}; then, using the properties of a and β established above, we have βf(a 0 + αj = β{fao +fa L ) = βfa, + βfa,
Define the map g: L-~* FL(X) by g = hoβ. We show that g is a homomorphism of L into FL(X). Since /? and h preserve sum, so does g. Now for δ 0 , b L eL, we must show that hβφo bj) = hβbo hβbî t suffices to show h{βb^βb λ ) ^ hβ{b Q -b^. If βty^b) = βh-βb, this is trivial; thus we may assume by above that {# e X: 6 0 ί >i ^ /^} ^ 0 and that hβφ. Notice that, by Theorem 3.3 and the earlier remarks, for a lattice L of . Γ^, L is projective iff L is imbeddable in a free lattice iff Whitman's (W2) holds in L.
We have a fair amount of information on the relationship between <%} and the class of projective lattices. Our spscific examples above include lattices which are in both classes, in neither, in one class but not the other. From [1] we have the example 2 x a), a denumerable distributive non-projective lattice imbeddable in FL{2); it is now clear from Theorem 3.3 that 2 x α>g.^ In [5, Figure  5B , p. 49] we display a denumerable non-modular sublattice of FL (3) which also is non-projective and not in &. We sketch a proof of the following additional fact: Proof. We know that L is projective by Theorem 3.3. By Lemma 2.7, L is a linear sum of just finitely many linear components* The Galvin-Jόnsson result mentioned earlier implies that any infinite linear component of L must be isomorphic to the direct product of a countable chain and a two-element chain. An argument similar to that of Lemma 2.7 now shows that there is no infinite linear component of L. Thus L is a finite projective lattice.
